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The p r ob l em  of nons teady-s t a t e  plane flow is cons idered  for  a v i scoplas t ic  medium between 
pa ra l l e l  walls,  under  the action of an instantaneously applied p r e s s u r e  gradient  which is con-  
stant  in t ime.  A nonl inear  in tegrodif ferent ia l  equation is obtained for  the dis t r ibut ion of the 
tangential  shea r  s t r e s s e s  in the regions  invest igated;  the method of succes s ive  approximat ions  
is used to obtain the solution. The de te rmina t ion  of the t ime during which the requi red  in te r -  
face reaches  a specif ied posi t ion is reduced to the evaluation of a quadra ture .  

The p r o b l e m  of nons teady-s t a t e  flow of a v i scoplas t ie  medium at r e s t  at a given instant  in a plane 
channel under  the action of an ins tantaneously  applied p r e s s u r e  gradient  which is t ime-cons t an t  has been 
the subject  of a number  of invest igat ions .  In [1], in o rde r  to de te rmine  the posi t ion in t ime of the requi red  
in te r face  between the z o n e s  of v iscous  flow and quasisolid motion, V o l t e r r a ' s  in tegra l  equations of the 
f i r s t  spec ies  a r e  obtained and the a sympto t i c s  of the solution for  smal l  t ime values  a re  studied. The use 
of an in tegra l  two-s ided Laplace t r a n s f o r m  with r e spec t  to a space  va r i ab le  p e r m i t s  the solution of this 
p rob lem to be obtained in the f o r m  of a power s e r i e s  [2]; however,  the solution obtained desc r ibe s  suffi-  
ciently well  the asympto t ic  behavior  of the in te r face  between zones for  smal l  values  of t ime but is l e ss  
sui table  for  studying the behavior  of i ts  solution for  la rge  t ime va lues .  The integral  one-s ided  Laplace 
t r a n s f o r m  method with r e spec t  to a t ime var iab le ,  in the applicat ion to the p rob lem of the nons teady-s ta te  
flow of a v i scoplas t ic  medium in a plane channel, r educes  to some functional s y s t e m  of equations f r o m  which 
the posi t ion in t ime of the requi red  zonal in te r face  can be de te rmined .  The functional s y s t e m  obtained in 
this case  is li t t le suited to r ea l i s t i c  calcula t ions .  The solution of the p rob l em being cons idered  by the in- 
t egra l  Laplace t r a n s f o r m  method for  the plane [4] and a x i s y m m e t r i c a l  [5] c a se s  contains the pr inc ipa l  
e r r o r  in the set t ing up of the boundary conditions, which is reviewed in detail  in [3]. The analogous p rob -  
l em in [6] is solved by the Monte-Car lo  s ta t i s t i ca l  tes ts  method.  Despi te  the s impl ic i ty  of ca r ry ing  out 
the numer i ca l  p rocedure  Of the Monte-Car lo  method, it is p r e f e r ab l e  to have an analytic express ion  
for  the posi t ion in t ime  of the requi red  zonal in te r face .  The method of succes s ive  approximat ions ,  suc -  
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Fig .  1. Assumed  flow pa t t e rn .  I) Velocity 
dis t r ibut ion of medium;  II) d is t r ibut ion of tan-  
gential  shea r  s t r e s s e s .  

cessfully applied in [7, 8] to the solution of Stefan's 
plane single-phase problems on freezing, is used 
here for constructing the solution of the problem con- 
cerning the nonsteady-state flow of a viscoplastie 
medium in a plane channel. 

We shall  cons ider  the following p rob l em.  Sup- 
pose  a v i scoplas t ic  med ium with densi ty  p is at r e s t  
at t < 0 with a l imit ing shea r  s t r e s s  ~-0anddynamic 
coeff icient  of v i scos i ty  tt, flows in a plane channel of 
height 2h in the d i rec t ion  of the z - a x i s  by the action 
of an instantaneously applied t ime-cons t an t  p r e s s u r e  
against  gradient  d p / d z  < 0. The assumed  veloci ty  
dis t r ibut ion of the medium u and the tangential  shear  
s t r e s s e s  T for  a ce r t a in  instant  t > 0, and a lso  the 
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Fig. 2. Dependence of the posi t ion of the 
zone in te r face  on t ime,  !) Result  of f i r s t  
approximat ion;  2) resu l t  of second approx-  
imation.  
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a r r a n g e m e n t  of the s y s t e m  of coordinates  a r e  shown in 
Fig. l a .  

The Special cha r ac t e r i s t i c  of one-d imens iona l  flows 
of v i scoplas t ic  media  is the poss ib i l i ty  of fo rmat ion  of 
zones of quasisolid motion in which the absolute value of 
the tangential  shea r  s t r e s s e s  is l e ss  than the l imit ing 
shea r  s t r e s s  ~'0. The posit ion of the requi red  in te r faces  
of the v iscous  zones and the zone of quasisolid motion for  
a ce r t a in  instant t > 0 is shown in Fig. l a  by the dot -dash  
l ines .  

Because  of the s y m m e t r y  of the flow being con-  
s idered,  it is sufficient to l imit  const ruct ion of the solu-  
tion to the lower half of the channel x E (0, h). The equa-  
tion of motion of a v i scoplas t ie  medium in a plane channel 
and the theological  law connecting the tangential  shear  
s t r e s s e s  with the ra te  of deformat ion  of a solid med ium 
have the f o r m  [9] 

0"~ dp . dp _ const, (1) 
Ox Oz ' dz  

1~1 > ~o, (2) 

(3) 

The condition for  the exis tence of a quasisol id zone bounded by the sur face  x = 6(t) has the f o r m  

(8(0,  t) = ~0. (4) 

The wall  of the channel x = 0 is  a s sumed  to be s ta t ionary ,  in consequence of which we have 

u(0,  0 = 0. (5) 

Movement  of the quasisolid core  of the flow 6(t) < x < h as a single enti ty is poss ib le  only by sat is fying the 
following condition at the requi red  boundary [3, 6]: 

~or x = 6 ( t ) ,  (6) 
Ox h - -  6 (t) 

Flow of the v iscoplas t ic  medium in the case  being cons idered  develops  f r o m  a s ta te  of r e s t  when the quasi -  
solid zone has  occupied the ent i re  space  between the channel walls and, therefore ,  we take as the initial 
condition for  6(t), 

a (0) = o. (7) 

Differentiat ing Eq.  (1) with r e spec t  to the var iab le  x and Eq.  (2) with r e spec t  to the va r i ab le  t, we obtain 
a f t e r  s imple  t r ans fo rma t ions  

0---[ ~ o Ox ~ (s) 

We note that the equation of mot ion in the f o r m  of Eq. (8) is valid only for  the zone of v iscous  flow O < x 
< 5(t), in which the rheological  law in the f o r m  of Eq.  (2) occurs .  Using the condition of veloci ty  continuity 
of the med ium and the tangential  shea r  s t r e s s e s ,  by taking account of condition (5) and Eq.  (1) we obtain 

Ox d p  
- -  for x = 0.  (9)  

Ox dz 

The p rob lem of Eqs .  (4) and (6)-(9) is  wri t ten in ~ ' -presenta t ion  [3, 6]. 

We introduce the d imens ion less  quantit ies:  

T =(X--Xo)/~char ~ = x/h; 7 =  ~ t; 
ph 2 

A = a/h; s = "ro/Xehar where "rchar = - -  h d p  . 
dz 
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O m i t t i n g  the s t r o k e  o v e r  the  d i m e n s i o n l e s s  quan t i t i e s  x a n d t ,  we r e w r i t e  the p r o b l e m  (4) and (6)-(9) in 
the  fo l lowing  f o r m :  

OT O~T 
- - - -  in D =  {x, t : O < x < A ( t ) ,  O < t < M < o o } ,  (10) 

Ot Ox 2 

OT 
-- 1 for x : O, (11) 

Ox 

0 T  _ S for x = A ( t ) ,  (12) 
o x  1 - -  A (t) 

T : 0 for x = A (t), (13) 

A (0) = O. (14) 

The  zone  of p l a s t i c  f low ( r e g i o n  D) i s  shown at the  p h a s e  p l ane  (x, t) in F i g .  l b .  

We i n t e g r a t e  Eq .  (10) with r e s p e c t  to the v a r i a b l e  x in the  l i m i t s  f r o m  0 to x and we u s e  cond i t ion  (11)  

l -~ 
OT OT 
Ox ~ ot  dx .  (15) 

0 

When x = A(t), Eq.  (15) t ak ing  accoun t  of cond i t i on  (12) a s s u m e s  the f o r m  
A 

f " OT dx= 1 - - A - - s  (16) 
�9 O t  1 - -  A 
0 

It i s  e a s y  to s e e  that  0 / a t  = (0/0/x)  . ( d / x / d t )  =/x(O/0/x) ,  a s  a r e s u l t  of which we ob ta in  f r o m  Eq .  (16) 
A 

1 - - A  . - ~  dx . (17) 
0 

As  the RHS of Eq .  (17) d e p e n d s  only on /x ,  if we take  illtO accoun t  the s t a r t i n g  cond i t i on  (14), we h a v e  
A 

( l - - a )  t ~' OTdx 
, I  ~ OA t ]  

o dA. ( 1 8 )  
t = 1 - - A  - - s  

0 

E x p r e s s i o n  (18) e n a b l e s  us  to ob ta in  t = t(/x) if  we p lo t  the func t ion  T = T(x,  /x). We i n t e g r a t e  E q .  (15) wi th  
r e s p e c t  to the  v a r i a b l e  x b e t w e e n  the l i m i t s  f r o m  x t o / x  and we take  into  account  the  cond i t i on  at  the  r e -  
q u i r e d  b o u n d a r y  (13) 

A x 

T(x' t ) = A - - x - -  ; j  ' OT Ot (19) 

x O  

T a k i n g  r e l a t i o n  (17) into account ,  i t  i s  e a s y  t o  ob ta in  

h x 

1 - -  A - - s  . OA 
T (x, A) = A - -  x - -  ~: o (20) 

1 - - A  A 

f ~  

�9 0h 
0 

The  s o l u t i o n  of Eq .  (20) m a y  be  o b t a i n e d  b y  the  me thod  of s u c c e s s i v e  a p p r o x i m a t i o n s  

Th+ 1 (X, A) : A - -  x - -  
1 - - A - - s  

I - - A  

T a k i n g  a s  a f i r s t  a p p r o x i m a t i o n  

T 1 : A - - x ,  

A x 

x 0 

A 

f OTh dx 
. O A  
0 
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we obtain 

! - - A - - s  A2--x 2 T 2 = A - - x - -  
i ~ A 2A ' 

T3=A__x l - - A - - s  [ ( 1 +  sA 1 - - A - - s )  
, - A  2 ( l - - A ) ,  ~ - - ~ i  - -  

6- A g - - a )  ~ ~- a~(~--A} 

sA 2 [1 
: 1 + 3 0 - - A )  ' 3 7 - - A -  " " 

Substituting in express ion  (18) the r e s u l t s  of the succes s ive  approximat ion (21)-(23), 

tt = 1 5 ~ _ s A  + s(1 _ s ) / n  l - - s  

A 3 2 s A + s ( l ' s )  1 - - s  + ((~2--s)s In 1 - - s - - ( 2 - - s ) A + A 2  
t2 6 3 1 - - s - - A  6 - 1 - - s  

A 

t 
Q ,( . . 

+ - 3 -  C- -  x ~ . . . .  10 1 - - x  A -r 

A 2 _ _  x 2 

where  

(22) 

(23) 

we have respec t ive ly :  

(24) 

(1 - -  A) (1 ~ s) 

1 --h--s 
(25) 

2 -- 2s + s 2 
+ In 

6 

x3+ x _ l cx_c) (5 6 3 / 

x(i --x) + (l --2x)(1--x--s) )]} 

1 s (2 - -  x)  (1 - -  x)  ~ - -  s 

A = - ~ - + - 5 - .  ~ - - x )  ~ ; B - -  x ~ t l _ x T -  ; 

s x 1 - - x - - s  
C ~ I + - ~ .  ( l - - x )  2 2 ( 1 - - x )  ' 

(26) 

the dash denotes the der iva t ive  of the cor responding  function with r e spec t  to the var iab le  x. 

The na ture  of the convergence  of the i tera t ion p r o c e s s  for  t = t(A) is eas i ly  seen  in Fig.  2 ,  where 
the f i rs t ,  second, and third i tera t ions  a re  shown for  values  of the p las t ic i ty  p a r a m e t e r  s = 0.2 and also 
the r e su l t s  of the third approximat ion for  ce r t a in  values  of the p las t ic i ty  p a r a m e t e r .  We note that A = A(t) 
when t > 0.6 d i f fers  slightly f r o m  the value A s = l - - s ,  cor responding  to comple te ly  s t eady- s t a t e  flow. 
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N O T A T I O N  

m the t ime;  
is the densi ty;  
IS the tangential  shea r  s t r e s s ;  
is the coefficient  of dynamic v i scos i ty ;  
is  the half-width of channel; 
is  the longitudinal coordinate;  
m the p r e s s u r e ;  
is the veloci ty  of medium;  
m the t r a n s v e r s e  coordinate;  
m the function, descr ib ing  the posit ion of the boundary of the zone in ter face ;  
is the d imens ion less  tangential  shea r  s t r e s s ;  
as the plas t ic i ty  p a r a m e t e r ;  
m the d imens ion less  function, descr ib ing  the posi t ion of the boundary of the 
zone in te r face ;  
is the region of p las t ic  flow; 
a re  the r e su l t s  of success ive  approximat ions ;  
a re  the auxi l iary  functions; 
is  the value of function A in the case  of comple te ly  s t e ady - s t a t e  flow. 
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